Introduction
Let K a field and A|K an Abelian variety. By the Mordell-Weil theorem, A(K) is finitely generated provided K is a finitely generated field. On the other hand it is known that A(K) is of infinite rank unless K is algebraic over a finite field. (We often tacitly assume A = 0.) Interesting problems arise if one studies the rank in other infinite algebraic extensions of K. For elliptic curves E|Q Frey and Jarden showed that E(Ω) is of infinite rank where Ω denotes the maximal Kummer extension of Q of exponent 2. In the light of these facts Frey and Jarden asked in their paper [2] The most recent result towards this question we are aware of is due to Rosen and Wong [21] . They show (over a number field K as ground field) that rank(J T (K ab )) = ∞ for any cyclic cover T |P 1 of positive genus. Papers [9, 19, 26] contain special cases of this statement. We can strengthen the above result as follows.
Theorem 1.1. Let K a Hilbertian field and T |K a smooth projective curve of positive genus. Suppose that T can be realized as a Galois cover of P 1 with group Γ . Let B an arbitrary nonzero quotient of J T . Then there is an infinite Galois extension Ω|K with group
∞ i=1 Γ such that rank(B(Ω)) = ∞. In particular rank(B(K ab )) = ∞ provided Γ is Abelian.
We can thus treat a broader class of Abelian varieties and a broader class of ground fields. (2) Theorem 1.1 naturally leads us to the following question: Is any simple Abelian variety over a field K the quotient of the Jacobian J T of a curve T |K which can be realized as an Abelian Galois cover of P 1 ? Lange pointed out that the answer to this question is not known even over the complex numbers K = C. If the answer to this question is yes, then A(K ab ) is of infinite rank for any non-zero Abelian variety A over a Hilbertian field K.
In the proof of Theorem 1.1 we use methods totally different from the method in [21] . The key argument in our paper is a specialization theorem for Abelian varieties over Hilbertian fields (see Proposition 3.1 below). We want to mention that while reading papers [22, 23] of Rubin and Silverberg on rank frequencies in families of quadratic twists of elliptic curves, it occurred to us that we might use a specialization theorem. The specialization technique also allows us to prove the following infinite rank result.
Theorem 1.3. Let A a non-zero Abelian variety over a Hilbertian field K. Suppose that A admits a degree d projective embedding. Assume that d 2. Then rank(A(Ω)) = ∞ where Ω is the compositum of all extensions of K of degree d.
In [21] this is shown for the compositum of all extensions of K of degree d(4 dim(A) + 2) instead of Ω. Finally we can slightly generalize a classical result in [2] . [σ ] . This was known in case of a finitely generated Hilbertian field K due to work of Geyer and Jarden (see [4, Theorem B] ), but the case of an arbitrary, not necessarily finitely generated Hilbertian field K as ground field is new.
Theorem 1.4 (Frey-Jarden
(3) Let F a finitely generated field and K an infinite algebraic extension of F . Assume that K is Hilbertian. Let A|K a non-zero Abelian variety. Then there is a finitely generated, Hilbertian intermediate field (σ ) ) is of infinite rank. Furthermore, if E is an elliptic curve over a number field K and if E(K) contains a point P such that 2P = 0 and 3P = 0, then again rank(E(K s (σ ))) = ∞ for all σ ∈ G K by Im's result [7] . Larsen suspects in [13] that it might be true, that rank(A(K s (σ ))) = ∞ for any non-zero Abelian variety A over an infinite, finitely generated field K and any σ ∈ G e K .
This paper is organized as follows. After summarizing some generalities on Hilbertian fields in Section 2 we prove a specialization theorem for Abelian varieties over Hilbertian fields in Section 3. In Section 4 we prove an abstract sufficient condition for infinite rank over infinite extensions. In the final section we derive the above theorems from the result in Section 4.
Hilbertian fields
We briefly summarize elementary but important facts about Hilbertian fields, including a notion of so-called abstract Hilbert sets. The most useful references on Hilbertian fields are [3, 10] .
Let K a field. Let T = (T 1 , . . . , T n ) a vector of indeterminates and X a single indeterminate. For an irreducible polynomial
of degree d let U f be A n with the poles of the a i removed and let If S is a K-scheme and s ∈ S is a point, then we shall denote by K(s) the residue field of s. Note that K(s) is an extension field of K. Now let p : Y → X a Hilbert cover of degree d and x ∈ X a closed point. We shall say that x is inert for p if p −1 (x) is connected and geometrically reduced over K(x). Thus x is inert for p iff p −1 (x) is Spec of a finite separable extension field of K(x) of degree d. If x is inert for p, then we write s Y |X (x) for the unique point over x. We denote the set of all closed points x ∈ X which are inert for p by Inert(Y |X) and call Inert(Y |X) the abstract Hilbert set associated to p. Note that Hilbert sets consist of K-rational points in A n (K) whereas an abstract Hilbert set Inert(Y |X) is a set of closed points of X. For example, if X is a K-variety (varieties are always meant to be geometrically integral in this paper) and F |K is a finite, separable extension, then X F → X is a Hilbert cover and Inert(X F |X) consists of the closed points x ∈ X for which K(x)|K is a separable extension linearly disjoint from F . 
contains a Hilbert set. In particular it is dense in A n (K) and thus infinite.
Proof. We may assume that U = Spec(A) and hence also X = Spec(B) is affine. Eventually making U smaller we may even assume p étale and
In the following we let Inert(
.,s is a finite family of Hilbert covers of X. Furthermore, if f : T → S is a finite, flat morphism of schemes and Γ := Aut S (T ), then we shall say that f is a Galois cover if the canonical map
is bijective for all schemes Z. The following strengthening of the corollary will be important in Section 3. Theorems similar to Proposition 2.5 below with similar proofs can be found in several places in book [3] 
Let Ω the composite field in K s of F with all the K(t i ). Then X(Ω) is infinite.
Proof. Suppose that geometric points t 1 , . . . , t m ⊂ X (K s ) are already constructed, such that properties (1) and (2) hold for 1 i m and such that (F,
Consider the composite Hilbert covers
Then u is inert for p by Remark 2.1. Hence there is a unique closed point x ∈ X over u and, again by Remark 2.1, we have
[+model] P. (2) and (3). (3) In particular we see that for any variety X, whose function field R(X) contains a purely transcendental subfield over which R(X) is Galois with group Γ , there is an infinite Galois extension Ω|K with group i∈N Γ , such that X(Ω) is infinite. Furthermore X(K ab ) is infinite provided Γ is Abelian. For example C(K ab ) is infinite for any smooth curve which can be realized as an Abelian Galois cover of P 1 .
We briefly indicate how the proof of our infinite rank results will proceed. Suppose we are given a diagram as in Remark 2.3 over a Hilbertian field K, an Abelian variety A|K and a non-constant morphism f : X → A. We will see by the specialization Theorem 3.1 in the next section that one can construct a finite family of Hilbert covers Y • |X such that f (X(Ω)) generates a subgroup of infinite rank in A(Ω), provided Ω is as in Proposition 2.5. All infinite rank results in this paper arise in that way.
Specialization
In this section we will discuss a specialization theorem that will play the key role in the sequel. This specialization theorem is similar to a theorem in Lang's encyclopaedia [11, I.7] . Lang does not give a proof but refers to a paper of Néron [20] containing a version weaker than [11, I.7] , which is formulated in the language of Weil's foundations and therefore difficult to read for our generation. For that reason we include a proof following [24] in some places.
For the whole section let K be a Hilbertian field, A|K an Abelian variety and T |K a smooth, projective variety. Assume that A(K) is of finite rank. For t ∈ T there is a specialization map
In the rest of the paper we view without further mentioning A(K) as the subgroup of constant morphisms in Mor K (T , A) and let M K (T , A) := Mor K (T ,A)
A(K) . Then α t induces a homomorphism
which fits into an exact diagram
0. The proof will occupy the rest of this section.
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Lemma 3.2. M K (T , A)
is a free Z-module of finite rank. In particular ker(α t ) is a free Z-module of finite rank for all t ∈ T . 
Proof. The injection Mor
of the specialization map is bijective.
Proof. Clearly ker(α t ) ∩ Mor K (T , A) l = 0 as ker(α t ) is Z-free. The map l A is an étale isogeny due to our hypothesis on l. Hence the group scheme A l is finite and étale over K. Thus there are separable extension fields E i over K such that there is an K-isomorphism
Spec(E i ). Note that we did assume rank(A(K)) < ∞ throughout this section, but we do not assume that A(K) is finitely generated. Hence also Mor K (T , A) needs not be finitely generated.
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Proof 2 of Lemma 3.4. Let M := Mor K (T , A). Then M/A(K) = M K (T , A)
is a finitely generated, free Z-module by Lemma 3.2. It is thus enough to show that A(K)/ l is finite. F := A(K)/A(K) tor is a torsion-free Abelian group and rank(F ) < ∞ by our hypothesis rank(A(K)) < ∞. It follows that dim F l (F / l) rank(F ) < ∞. Hence F / l is finite. It remains to prove that 
Lemma 3.5. Let f : X → Y a finite, flat morphism of integral schemes and suppose that Y is normal. If f is of degree 1 (that is [R(X) : R(Y )] = 1), then f is an isomorphism.
Proof. f (X) is closed as f is a finite morphism and open as
O Y (U ) → O X (V ) = f * O X (U ) is a
monomorphism of integral domains which makes O X (V ) a finite and hence integral algebra over O Y (U ). The hypothesis [R(X) : R(Y )] = 1 implies that both rings O Y (U ) and O X (V ) have the same quotient field. Furthermore O Y (U ) is normal. Hence f : O Y (U ) → O X (V ) must be an isomorphism. It follows that f is an isomorphism. 2
Lemma 3.6. Let l a prime different from the characteristic. There is a finite family of étale Hilbert covers (g i : X i → T ) i of T such that the map
Proof. Let M := Mor K (T , A) and f ∈ M. We denote the multiplication by l map A → A by l A . Note that l A is finite and étale by [16, 8.2] . Form Cartesian squares over a field and thus Noetherian.) Hence they are also closed. It follows that X (f ) splits up into the coproduct 
and the morphism F (f ) → X (f ) is the coproduct of the canonical morphisms Spec(K(x i )) → X i . Moreover we have [K(x i ) : K(t)] = deg(g i ). Assume now α t (f ) ∈ lA(K(t)). This means that there is a morphism a : Spec(K(t))
→ A such that l A • a = f • w. Using the Cartesian diagram above gives a morphism s : Spec(K(t)) → F (f ) such that h • s = Id Spec(K(t)) and (f • j) • s = a
. In other words: h has a section. Hence there is an index i where K(x i ) = K(t).
Then g i must be a finite flat morphism of degree 1. By Lemma 3.5 g i is an isomorphism. It follows that g : X (f ) → T has a section g : T → X (f ) and this implies f ∈ l · Mor K (T , A).
M/ l is finite by Lemma 3.4. Let R ⊂ M a system of representatives for M/ l. R is finite and
From this it is immediate that α t induces an injection
Proof of Proposition 3.1. Let l a prime different from char(K) and M := Mor K (T , A). Let X 1 , . . . , X s as in the assertion of Lemma 3.6 and F |K as in Lemma 3.3. Put X 0 := T F . Let t ∈ Inert(X • |T ). We show that α t is injective. Denote by N the kernel and by I the image of α t . There is an obvious exact sequence
The map δ is explicitly given as follows: For each i ∈ I l choose m ∈ M with α t (m) = i. Then α t (lm) = 0, so lm ∈ N . Map i to the residue class lm + lN . In the above exact sequence the lefthand map is surjective and the right-hand map is injective by Lemmas 3.3 and 3.6, respectively. Hence N/ l = 0. Furthermore N is finitely generated and Z-free by Lemma 3.2. This implies N = 0. 2 Remark 3.7. We briefly compare the specialization Theorem 3.1 with other specialization theorems in the literature.
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(1) As mentioned in the introduction to this section, there is a classical specialization theorem due to Néron [20, Chapitre IV, Theorem 6, p. 133]. We restate Néron's result in our language. Let B|R(T ) an Abelian variety. Then B extends to an Abelian scheme π : B → U over a non-empty open subscheme U of T and for t ∈ U we denote by B t the fiber π −1 (t) of t.
B t is an Abelian variety over K(t). Néron showed that B t (K(t)) contains a copy of B(R(T )) for infinitely many values of t provided B is the Jacobian variety of a curve over R(T )
. This is not enough for our application as we do not want to restrict our attention to Jacobians. In [11] Lang gives the statement for an arbitrary Abelian variety B|R(T ), but a proof is not included in [11] . Serre in [24, 11.1] proves the statement for an arbitrary Abelian variety B|R(T ) but under the additional hypothesis that T = P 1 and K is a number field. This is again not enough for our application.
(2) Let A|K a Jacobian variety. One may apply Néron's theorem to the case of the constant family, that is with
because every rational map from the smooth variety T to an Abelian variety is defined on the whole of T by [16, 3.1] . By Néron's theorem, as we assumed that A is a Jacobian,
A(K(t)) contains a copy of Mor K (T , A) for infinitely many values of t.
This also follows by Proposition 3.1 together with Corollary 2.4, but in Proposition 3.1 there is no need to assume that A is a Jacobian variety.
(3) An interesting specialization theorem due to Silverman (see [1, 25] ) implies a statement similar to Proposition 3.1: Let A|K an arbitrary Abelian variety and Λ ⊂ Mor K (T , A) a subgroup for which Λ ∩ A(K) is torsion. While α t and α t can be non-injective for infinitely many t ∈ T as mentioned above, ker(α t ) ∩ Λ must be zero outside a set of closed points of bounded height, provided K is a global field and the Néron-Severi group of T is cyclic. Nevertheless we prefer to use Proposition 3.1 above, because we neither want to impose stricter hypothesis on K nor an additional hypothesis on T and, most importantly, because we need the injectivity of α t for sufficiently many t, which is equivalent to the injectivity of α t on the whole of Mor K (T , A). The weaker estimate of the good locus does not matter in our application.
Sufficient condition for infinite rank
In this section we exploit the above results to establish an infinite rank result that will imply the theorems mentioned in the introduction. For the whole section let K a Hilbertian field and A|K an Abelian variety. Assume that A(K) is of finite rank. Consider a diagram 
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S0022-314X(05)00268-4/FLA AID:3312 Vol.•••(•••) [+model] P.11 (1-16) YJNTH:m1+ v 1.50 Prn:24/01/2006; 11:18 yjnth3312 by:JOL p. 11(1) rank(A(F K(t i ))) rank(A(F )) + rank(M F (T F , A F )) for all i. Here F K(t i ) is the corre- sponding composite field in K s . (2) p(t i ) ∈ U(K) is K-rational and [K(t i ) : K] = deg(p) for all i. (3) (F, K(t 1 ), K(t 2 ), . .
.) is a linearly disjoint sequence of fields.
Let I ⊂ N and consider the composite field 
If we let f one of the non-constant morphisms T F → A F , we obtain the following diagram:
in which the two complete squares are Cartesian. Thus F ( A F ) ). This concludes the existence proof for a sequence which satisfies (1)- (3) . We can now prove the theorems mentioned in the introduction.
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Proof of Theorem 1.1. Let T a smooth, projective curve of positive genus over a Hilbertian field K and p : T → P 1 a Galois cover with group Γ . Let a ∈ P 1 (K). There is a point x ∈ T (K s ) with p(x) = a, because p is surjective. Furthermore A acquires infinite rank over the composite field of all K i and, of course, also over the composite field of any infinite subfamily of (K i ) i∈N . Theorem 1.3 readily follows from that.
To prove Theorem 1.4 we have to show that (2a) K is Hilbertian but not finitely generated over its prime field. (2b) rank(A(K)) < ∞. 
